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ABSTRACT

Adecision-makingproblemdiffusedinvariouspracticalcontextsisthatofaggregatingmulti-agent
judgements intoaconsensusordering, in thecase theagents’ importance isexpressed througha
setofweights.Acrucialpointinthisaggregationisthattheconsensusorderingwellreflectsthe
inputdata,i.e.,agents’judgementsandimportance.Thescientificliteratureencompassesseveral
aggregationtechniques,evenifitdoesnotincludeaversatiletoolforaquantitativeassessmentand
comparisonoftheirperformance.Theaimofthispaperisintroducinganewindicator(p),which
allowstoverifythedegreeofconsistencybetweenconsensusorderingandinputdata.Thisindicator
issimple,intuitiveandindependentfromtheaggregationtechniqueinuse;forthisreason,itcanbe
appliedtoavarietyofpracticalcontextsandusedtocomparetheresultsobtainedthroughdifferent
aggregationtechniques,whenappliedtoaspecificproblem.Thedescriptionissupportedbyvarious
applicationexamples.
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INTRoDUCTIoN

Averygeneraldecision-makingproblemisthatofaggregatingmulti-agentjudgments,concerning
different alternatives, into a consensus ordering. The adjective “consensus” indicates that this
orderingshouldreflectagents’judgementsasmuchaspossible,eveninthepresenceofdivergences.
Summarizing,theproblemischaracterizedbythefollowingelements(seetheschemeinFigure1):

• Asetofalternativestobeprioritized(a,b,c,d,e,...);
• Asetofdecision-makingagents1(D1,D2,…,DM)expressingtheiropiniononthealternatives,

throughvariouspossibleforms(e.g.,paired-comparisonjudgements,evaluations/measurements
onordinal/interval/ratioscales,linear/partialpreferenceorderings,etc.);

• An importance hierarchy of agents, which is usually expressed through a set of weights or
importances(r1,r2,…,rM),definedonaratioscalebyateamofexperts(Voraetal.,2014;Ngan
etal.,2016);

• Aconsensusorderingofthealternatives,whichrepresentstheoutputoftheproblem.
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The problem of interest is quite old and has been studied in various fields, stimulating the
developmentofavarietyofaggregationtechniques(VonNeumann&Morgenstern,1944;Fine&
Fine,1974;Fishburn,1974;Hwang&Lin,1987;Keeney&Raiffa,1993).Forexample,inthefield
ofsocial choiceandvoting theory,theauthorsrecallthemethodbyCondorcetandthatbyBorda
(Borda,1781;Franceschinietal.,2007);inthefieldofmulticriteriadecisionmaking,theElectre
(Figueiraetal.,2005),Promethee(Brans&Mareschal,2005)orAHP(Saaty,1980)methods,inthe
fieldoftheInternet intelligent agents,thatbyYager(2001),etc.

Eachofthesetechniqueshasitsproandcontra;basedonthisconsideration,aninterestingquestion
mayarise:Foragenericdecision-makingproblem,howcouldthebestaggregationtechnique(s)be
identified?Itisprobablyimpossibletoanswerthisquestion,sincethe“true”solutionforageneric
problemisnotknowna priori(Figueiraetal.,2005;Cook,2006).Nevertheless,thefactremains
thatonetechniquemaybemoreorlessappropriatethanoneotherdependingon:(i)thepractical
purposeoftheaggregation(forexample,isolatingthebestalternativeoralimitednumberofexcellent
alternatives,excluding theworstalternatives,definingacomplete ranking,etc.), (ii) the form in
whichtheagents’judgmentsand/ortheimportancehierarchyareexpressed,and(iii)theabilityto
encouragetheinvolvementandparticipationofdecision-makersinconstructingasharedsolution
(Zopounidis&Pardalos,2010).

Also, techniques canbedifferentiatedon thebasisofvarious functional aspects, such as:
degreeofsimplicityofevaluations/elaborationsrequiredbytheagents,efficiencyintheuseofthe
informationavailable,computationalcomplexity,etc.Foradetaileddescriptionoftheseaspects,
seetherelevantscientificliteratureandextensivereviews(Arrow,1950;Brans&Mareschal,2005;
Herrera-Viedmaetal.,2014).

The restof thispaper,willnot focuson thedifferentaggregation techniques,whichwillbe
consideredas“blackboxes”abletotransformtheagents’judgments(input)intoaconsensusordering
(output).Ontheotherhand,thepaperisaimedatintroducinganewindicator,denominatedp,which
allows a roughverificationof the consistencyof the solutionprovidedby a certain aggregation
technique,inasimpleandintuitiveway.Thistypeofverificationisimportantforatleasttworeasons:

1. Despiteitsseeminglysimplicity,theaggregationproblemofinterestissurprisinglycomplicated,
sinceithasbeendemonstratedthatfindingthe“optimal”consensusordering(assumingthat
itispossible)isNP-hardundercertainconditions(Dworketal.,2001).Inorder,nottomake
theproblemcomputationallyburdensome, it canbe convenient touse relatively simple and
user-friendlytechniques,aslongastheyareaccompaniedbypracticaltoolsforverifyingthe
effectivenessofthesolution(Nuray&Can,2006;Akriditisetal.,2011);

2. Averificationtoolmayassistinselectingthebestsuitedaggregationtechniquestoaspecific
decisionproblem.

Inthescientificliterature,variousverificationtoolshavebeenproposed.Acommonfeatureis
thattheyusesomemeasuresofcorrelation/similaritytocomparethefusedorderingwithagents’
judgements(Ng&Kantor,2000;Wu&McClean,2006).Forexample,popularstatisticsare the

Figure 1. Input/Output data concerning the general problem of the aggregation of multi-agent judgements on a set of alternatives, 
into a consensus ordering
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Spearman’srank,theKendall’stau,andmeasuresoflikelihood/distance.Unfortunately,thesetools
aregenerallydesigned forverifying the solutionof specificaggregation techniquesand, for this
reason,theirrangeofapplicationislimitedbyseveralaspects,suchas:

• Theforminwhichagent’sjudgementsareexpressed;
• Thedegreeof“completeness”ofjudgments;forexample,manytechniquesarenotapplicable

whensomealternativesareomittedorincomparablebetweeneachother;
• Theforminwhichtheimportancehierarchyoftheagentsisexpressed.

Theproposed indicator is relativelyversatileandpractical,as itwillbeshownin thepaper.
Othernot-so-dissimilartoolswereproposedformorespecificdecision-makingproblems,inwhich
theagents’importanceisexpressedintheformofarank-ordering(Franceschini&Maisano,2015a;
Franceschini&Maisano,2017).

Theremainderofthepaperisorganizedinthreesections.Thesection“DescriptionoftheNew
Indicator” introduces the indicatorp, focusingon itsconstructionandpracticaluse.Thesection
“ApplicationExamples”exemplifiestheapplicationofpinthreedifferenttypesofdecision-making
problems.Thesection“Discussion”presentsadetaileddiscussionofthenewindicator,focussingon
itsstrengthsandlimitations.AdditionalinformationiscontainedintheAppendix.

DeSCRIPTIoN oF THe NeW INDICAToR

Beforegettingintothediscussionofp,theauthorsanticipatethatitisvirtuallyadaptabletoageneric
aggregationtechnique,sinceitismainlybasedonthecomparisonbetween(i)thepaired-comparison
relationshipsderivedfromoneagent’sjudgementsand(ii)thosederivedfromtheconsensusordering.
Thedecisionofusingpaired-comparisonrelationshipsismotivatedbyseveralreasons:

1. Theyallowtoexpressthepreferencebetweentwoalternativesinanaturalandintuitiveway;
2. Theycanbederivedfrommostoftheformsinwhichagent’sjudgmentsaretypicallyexpressed–

providedthattheyadmitrelationshipsoforderingamongthealternatives;Figure2showsseveral
examplesofpaired-comparisonrelationshipsresultingfromdifferenttypesofjudgments.This
featuremakesppotentiallyadaptabletoalargeamountofpracticalcontexts;

3. Theymayalsobeobtainedinthecasesomejudgmentsareincomplete,i.e.,theydonotinclude
all thealternatives (e.g., seecase (ii) inFigure2)oradmit incomparabilitiesbetweensome
alternatives(e.g.,seecase(v)inFigure2).

Theauthorsareawarethattransformingjudgmentsintopaired-comparisonscancausealossof
information,especiallywhenthesejudgmentsareexpressedoncardinal(i.e.,intervalorratio)scales
(Luce&Raiffa,1957).However,webelievethatthisisthepricetopayformakingtheproposed
indicatorapplicabletoawidevarietyofpracticalcontexts.

Apreliminaryoperationfordeterminingp is theconstructionofa table,whichcontains the
paired-comparisonsobtainedfromtheagents’judgmentsandtheconsensusordering.Forthepurpose
ofexample,consideradecision-makingprobleminwhichm=4agentsformulatetheirjudgments
concerningn=5alternatives(a,b,c,dande).Nomatterinwhatformjudgementsareexpressed,as
longastheycanbeturnedintopaired-comparisonrelationshipslikea>b,b>a,a~bora||b,where
symbols“>”,“~”and“||”respectivelymean“strictlypreferredto”,“indifferentto”and“incomparable
to”.Throughsomeaggregationtechnique(nomatterwhat),itisassumedthatagents’judgementsare
aggregatedintoaconsensusorderingd>a>b>c>e.
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Agents’judgementsarethentransformedintothesetsofpaired-comparisonrelationshipsreported
inTable1(a).Likewise,agents’judgements,theconsensusorderingisalsotransformedintoasetof
paired-comparisonrelationships(seethelastcolumnofTable1(a)).

Eachj-thagentisassociatedwithanindicatorofimportance(rj)andanindicator(cj)corresponding
tothenumberofpaired-comparisonsusableforevaluatingthecompatibilitybetweenagents’judgments
andconsensusordering.Conventionally, theadjective“usable”denotesapairedcomparisonnot
producinganyrelationshipofincomparability(“||”),neitherintheagent’sjudgements,norinthe
consensusordering,i.e.,onlyrelationshipsofstrictpreference(“>”)orindifference(“~”).Obviously,
c Cj

n≤ ∀
2

 j-thagent,beingCn
2 thetotalnumberofpaired-comparisonsforngenericalternatives

(e.g.,10inthisspecificexample,sincen=5).
Subsequently,it isconstructeda“consistencytable”(inTable1(b)),whichturnsthepaired-

comparison relationshipsofeachagent into scores, according to theconvention inTable2.The
conventionalchoiceofassigning0.5pointsinthecaseofweakconsistencyisjustifiedbythefact
that this is the intermediatecasebetween thatoneof fullconsistency(withscore1)and thatof
inconsistency(withscore0).Throughasensitivityanalysis,itwasfoundthatsmallvariationsinthis
score(e.g.,using0.3or0.7insteadof0.5)havelittleimpactontheresultingconsistencyindicators.

Theconsistencytablealsoreportsthesumofthescores(xj)relatingtoeachj-thagent.
Next,theportionofconsistentpaired-comparisonscanbecalculatedforeachj-thagentas:

p
x
cj
j

j

=  (1)

where:

• xjisthetotalscorerelatedtothej-thagent;
• cjisthenumberofusablepairedcomparisonsrelatedtothej-thagent.

Figure 2. Transformation of judgments expressed in various forms, into paired-comparison relationships. Alternatives of interest 
are a, b, c and d; symbols “>”, “~” and “||” Respectively mean “Strictly Preferred to”, “Indifferent to” and “Incomparable to”
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Itcanbenoticed that thenon-usablepairedcomparisonsdonot influence theevaluationof
consistency,sincetheyhavenocontributionneitherinthexjnorinthecjterms.

Next, thepjvaluesofthedifferentagentscanbeaggregatedintop,bymeansofaweighted
averagebasedonasetofweights(wj),definedas:

wj=rj∙cj (2)

Table 1. (a) Table of paired-comparison data related to agents’ judgments and consensus ordering (i.e., d>a>b>c>e), in a fictitious 
decision problem; agents are sorted decreasingly with respect to their importance (rj); (b) Corresponding consistency table

(a)

Paired Comparison
From Agents’ Judgements

From Consensus Ordering
D1 D2 D3 D4

a,b a>b a||b a>b b>a a>b

a,c a>c a>c a>c c>a a>c

a,d a ~ d d>a a > d a||d d>a

a,e a > e a > e a > e a||e a>e

b,c b > c b > c b > c b > c b>c

b,d d > b d > b b ~ d b||d d>b

b,e b > e b > e b > e b > e b>e

c,d d > c d > c d > c c||d d>c

c,e c > e e > c c ~ e c > e c>e

d,e d > e d > e d > e d||e d>e

rj 0.40 0.30 0.15 0.15

(b)

Paired Comparison D1 D2 D3 D4

a,b 1 N/A 1 0

a,c 1 1 1 0

a,d 0.5 1 0 N/A

a,e 1 1 1 N/A

b,c 1 1 1 1

b,d 1 1 0.5 N/A

b,e 1 1 1 1

c,d 1 1 1 N/A

c,e 1 0 0.5 1

d,e 1 1 1 N/A

cj 10 9 10 5

xj 9.5 8 8 3

pj 95% 88.9% 80% 60%

wj 4 2.7 1.5 0.75

Note: rj is the agent’s importance; cj is the number of “usable” paired-comparisons; xj is the agent’s total score; pj = xj/cj is the portion of consistent 
paired-comparison relationships; wj = rj∙cj is the agent’s weight.
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Theproportionalitywithrespecttothecjvaluesisjustifiedbythefactthatitseemsreasonable
thatthemostconsolidatedpjvalues,i.e.,thosecalculatedusingalargernumberofpairedcomparisons,
contributemoretop.Theproportionalitywithrespecttotherjvaluesisjustifiedbythefactthatit
isexpectedthatthehighertheimportanceofagents,thehighertheconsistencybetweenconsensus
orderingandjudgements.Inotherwords,thisconditiondoesnotentailthatthejudgementsbythe
lessimportantagentsshouldnottobeconsistentwiththeconsensusordering,butjustmeansthat
theconsistencyofthemoreimportantagentscountsmore.

Basedontheaboveconsiderations,thesyntheticindicatorpisdefinedas:
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ByapplyingEquation2tothedatainTable1(b),itcanbeobtainedp=87.7%.Thisrelatively
high value indicates that the aggregation produces a consensus ordering reflecting the agents’
judgementsquitewell.Thisimpressionisconfirmedbythepj-chartinFigure3,whichrepresents
theprofileoftheagents’pjvalues,sortedintermsofimportance(rj):theconsensusorderingreflects
thehierarchyofimportanceoftheagentsrelativelywell,sincepjvaluestendtodecreaseastherj
valuesdecrease;thismeansthatthemoreimportanttheagents,thehighertheconsistencybetween
consensusorderingandjudgements.

ThejudgmentsbyD4arenotveryconsistentwiththeconsensusordering(seetherelativelylow
valueofp4=60%);however,thisinconsistencydoesnotaffectpsignificantly,sinceD4(alongwith
D3)istheleastimportantagentanditprovidesalimitednumberofusablepairedcomparisons(i.e.,
c4=4)fortheconsistencyassessment.

Itisworthnoticingthat,inthecaseoffulldemocracy,i.e.,whenallagentsareequi-important
(rj=r∀ j-thagent),pcorrespondstotheoverallportionofconsistentpairedcomparisons(among
theusableones),relatedtothetotalityoftheagents.

APPLICATIoN eXAMPLeS

Thissectionillustratesthepotentialofpwhen(i)verifyingtheconsistencyofthesolutionprovidedby
agenericaggregationtechniqueand(ii)comparingthesolutionsobtainedfromdifferenttechniques,
which are applied to the same decision-making problem. As an example, consider a specific
multicriteriadecision-makingproblemaimedatidentifyingthebestamongsixdifferentlocations

Table 2. Scores related to paired-comparison relationships of one agent, in the construction of the consistency table

Case Score

1.Fullconsistency,i.e.,identicalrelationshipofstrictpreference(“>”)orindifference(“~”);e.g.,when
comparingtherelationshipa>bwithitself. 1

2.Weakconsistency,i.e.,consistencywithrespecttoaweakpreferencerelationshiponly(“>or~”,i.e.,strict
preferenceorindifference);e.g.,whencomparingtherelationshipa>bwitha~b. 0.5

3.Inconsistency(withrespecttobothstrictandweakpreferencerelationships);e.g.,whencomparingthe
relationshipa>bwithb>a. 0

4.Incomparabilitybetweenthetwoalternativesintheagentjudgmentsand/orinthefusedordering. N/A
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(i.e.,thealternativesoftheproblema,b,c,d,eandf),inwhichtoinstallanewmanufacturingplant.
Thesixalternativesareevaluatedonthebasisof5criteria(D1toD5),i.e.,theagentsoftheproblem.
Eachj-thagentisassociatedwithanindicator(rj)reflectingitsrelativeimportance.Table3describes
thevariousagentsandtheirtypologyofjudgements.Twoofthefiveagents(i.e.,D1andD5)havea
negativepreferencesense,sincethedegreeofpreferenceincreases/decreasesasthejudgementvalue
decreases/increases.Theagents’judgmentsarereportedinTable4.

Havingdefinedtheproblem,thegoalistoaggregateagents’judgementsintoasingleconsensus
ordering. This aggregation will be performed through three techniques based on very different
principlesandstructures:(i)theElectre-IImethod(Figueiraetal.,2005),(ii)theBorda’scount(Borda,
1781),and(iii) thealgorithmbyYager(2001).Theauthorsareawarethatmuchmoreadvanced
techniquescanbefoundintheliterature(Herrera-Viedmaetal.,2014);however,thesethreeones
werechosennottoovercomplicatethediscussion.

ThesetechniquesgeneratethethreeconsensusorderingsreportedinTable5.Thethreesubsections
intheAppendixcontainasimplifiedillustrationofeachofthethreetechniquesandthewaythe
relevantfusedorderingsareconstructed.

Figure 3. pj-chart relating to the decision-making problem in Table 1

Table 3. Description of the agents/criteria of a fictitious decision-making problem concerning the selection of the best location 
where to install a new manufacturing plant

Agent Description Form of the Judgement Unit Preference Sense rj

D1–Meandistancefromthesuppliersofraw
materials Measurementonaratioscale [km] Negative 35%

D2–Averagetechnicalskillsoflabour Evaluationona3-levelordinal
scale(Low,Medium,High) N/A Positive 20%

D3–No.oftypologiesofavailableenergy
sources(gas,oil,renewables,electricity,etc.) Countonanabsolutescale [-] Positive 20%

D4–No.ofavailabletransportinfrastructures
(roads,highways,railways,ports,airports,etc.) Countonanabsolutescale [-] Positive 15%

D5–Averagehourlycostoflabour Measurementonaratioscale [€] Negative 10%
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Theconsistencyofthefusedorderingswillbeassessedusingp.Tofacilitatetheconstructionof
p,itisconvenienttoturntheinputjudgementsintocorrespondingpreferenceorderings(seethelast
rowofTable4)andthenintopaired-comparisondata(seeTable6).Inthisspecificcase,preference
orderingsdonotincludeomissionsorincomparabilitiesbetweenthealternatives,thereforetheydo
notresultintoanypaired-comparisonrelationshipofincomparability(“||”).

Likewise,preferenceorderings,thethreeconsensusorderingscanbeturnedintopaired-comparison
data(seethelastthreecolumnsinTable6).Itisworthwhileremarkingthattheorderingresultingfrom
theapplicationofElectre-II(i.e.,a>c>e>[(b~f)||d])ispartial(notlinear),assomeofthealternatives
areincomparablewitheachother(i.e.,b||dandd||f)(NederpeltandKamareddine,2004).

Thethreefollowingsubsectionspresenttheconstructionoftheindicatorp,relatedtoeachofthe
threetechniquesproposed;thefourthonepresentsacomparisonbetweenthesolutionsgeneratedby
thethreetechniques,bymeansofthepj-chart.

Case of the electre-II Method
TheconstructionoftheconsensusorderingthroughtheElectre-IImethodisillustratedinthesection
“DescriptionandApplicationof theElectre-IIMethod” (in theAppendix).Table7contains the
correspondingconsistencytable(compareitwiththedatainTable6).Thescoresrelatedto(b,d)
and(d,f)arereplacedwith“N/A”,becauseoftheincomparabilitiesinthecorrespondingpaired-
comparisonrelationshipsfromtheconsensusordering.Thetotalnumberofusablepairedcomparisons
isthereforec Cj

n= − = ∀=
2

6
2 13 j-thagent.

ThepjvaluesrelatedtothefiveagentsarereportedatthebottomofTable7.Therelativelyhigh
valuesoftheseindicatorsdenoteacertaindegreeofconsistencybetweenconsensusorderingand

Table 4. Judgments on the alternatives of interest (a, b, c, d, e, f) by five agents (D1 to D5). In the last row, the judgements 
related to each agent are turned into the corresponding (linear) preference orderings.

Agent D1 D2 D3 D4 D5

rj 35% 20% 20% 15% 10%

Unit [km] N/A [-] [-] [€]

Preferencesense Negative Positive Positive Positive Negative

Alternatives

a 20 H 4 3 24

b 140 L 3 2 20

c 80 H 3 4 24

d 200 M 2 3 14

e 120 M 4 3 16

f 140 M 1 2 20

Preference
ordering a>c>e>(b~f)>d (a~c)>(d~e~f)>b (a~e)>(b~c)>d>f c > (a~d~e)>(b~f) d > e > (b~f)>(a~c)

Table 5. Consensus orderings resulting from the application of three aggregation techniques to the decision-making problem 
summarized in Table 3

Technique Consensus Ordering

Electre-IImethod a>c>e>[(b~f)||d]

Borda’scount a>c>e>d>b>f

Yager’salgorithm e>(a~c)>(b~f)>d
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agents’judgements.Thepjvaluesrelatingtothefirstfouragentsintermsofimportancearerelatively
high(alllargerthan80%).Instead,thepjvaluerelatingtoD5isverylow(p5=26.9%);thisaspect
isduetothenegativecorrelationbetweenthiscriterion(i.e.,averagehourlycostoflabour)andthe
otherones(seeTable7).

Consistencybetweenconsensusorderingandagents’ judgements looksgood,asdenotedby
therelativelyhighvalueofp=82.9%(obtainedbyapplyingEquation3).Furthermore,theagents’
importancehierarchyseemstobereflectedquitewell,sincethepjvaluestendtodecreaseastherj
valuedecrease.

Case of the Borda’s Count
Thesection“DescriptionandApplicationoftheBorda’sCount”(intheAppendix)illustratesthe
constructionoftheconsensusorderingwhenapplyingtheBorda’scount.Thethreetop-positionsof
theresultingordering(i.e.,a>c>e>d>b>f)coincidewiththoseinthesolutionbytheElectre-
IImethod(seeTable5),whiletherearesomedifferencesinthelowerpositions.Thecorresponding
consistencytable,showninTable8,isslightlydifferentfromthatinTable7,duetosomevariations
intherowscorrespondingto(d,b),(b,f)and(d,f).Thepvalue(77.2%)isslightlylowerthaninthe
caseofElectre-II,denotingacertaindeteriorationintermsofconsistency.

Case of the yager’s Algorithm
Thistechniquecanbeappliedwhen(i)theagents’judgementsareexpressedthroughlinearpreference
orderings(NederpeltandKamareddine,2004)and(ii)theagents’importancerankingisexpressed
throughafurtherlinearordering(Yager,2001;Franceschinietal.,2016).Inthisspecificcase,the

Table 6. Paired-comparison data related to the judgments by the agents of interest (Table 4) and three consensus orderings 
(Table 5)

Paired 
Comparison

From Agents’ Judgements From Consensus Orderings

D1 D2 D3 D4 D5 Electre-II Borda’s 
Count Yager’s Algorithm

a,b a>b a>b a>b a>b b>a a>b a>b a>b

a,c a > c a ~ c a > c c > a a ~ c a>c a>c a~c

a,d a > d a > d a > d a ~ d d > a a>d a>d a>d

a,e a > e a > e a ~ e a ~ e e > a a > e a > e e > a

a,f a > f a > f a > f a > f f > a a > f a > f a > f

b,c c > b c > b b ~ c c > b b > c c > b c > b c > b

b,d b > d d > b b > d d > b d > b b||d d>b b>d

b,e e > b e > b e > b e > b e > b e > b e > b e > b

b,f b ~ f f > b b > f b ~ f b ~ f b ~ f b > f b ~ f

c,d c > d c > d c > d c > d d > c c > d c > d c > d

c,e c > e c > e e > c c > e e > c c > e c > e e > c

c,f c > f c > f c > f c > f f > c c > f c > f c > f

d,e e > d d ~ e e > d d ~ e d > e e > d e > d e > d

d,f f > d d ~ f d > f d > f d > f d||f d>f f>d

e,f e > f e ~ f e > f e > f e > f e > f e > f e > f
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authorsusedtheagents’preferenceorderingsreportedatthebottomofTable4andtheimportance
rank-orderingD1>(D2~D3)>D4>D5,whichwasobtainedfromtheagents’rjvalues(inTable3).

TheYager’salgorithmresultedintheconsensusorderinge>(a~c)>(b~f)>d,theconstruction
ofwhichisdescribedinthesection“DescriptionandApplicationoftheYager’sAlgorithm”(inthe
Appendix).Table9containsthecorrespondingconsistencytable.TheYager’salgorithmdoesnot
produceaperfectsolutionintermsofconsistencywithagents’judgements,asprovenbytherelatively
lowpvalue(72.5%).Thisresultisnotsurprising,asthistechniquewascriticizedbyWang(2007)
andFranceschinietal.(2014)forgeneratingconsensusorderings,whichareofteninconsistentwith
agents’judgments.

Comparison Between the Three Solutions
Acomparisonbetweenthesolutionsgeneratedbythethreeaggregationtechniquescanbevisualized
bymeansofthepj-chartinFigure4,whichcontainsthreecorrespondingprofiles.

Despitethethreeprofilesdenotethattheagents’importancehierarchyisgenerallyrespected
(pjvaluestendtodecreaseasrjvaluesdecrease),itcanbenoticedthatthesolutionbytheYager’s
algorithmissignificantlypoorerthantheotherones.Acomparisonusingthepvaluesleadstothe
sameconclusion.

Table 7. Consistency table related to the solution provided by the Electre-II method (i.e., a>c>e>[(b~f)||d]) and the judgements 
in Table 6

Paired 
Comparison D1 D2 D3 D4 D5

a,b 1 1 1 1 0

a,c 1 0.5 1 0 0.5

a,d 1 1 1 0.5 0

a,e 1 1 0.5 0.5 0

a,f 1 1 1 1 0

b,c 1 1 0.5 1 0

b,d N/A N/A N/A N/A N/A

b,e 1 1 1 1 1

b,f 1 0.5 0.5 1 1

c,d 1 1 1 1 0

c,e 1 1 0 1 0

c,f 1 1 1 1 0

d,e 1 0.5 1 0.5 0

d,f N/A N/A N/A N/A N/A

e,f 1 0.5 1 1 1

rj 0.35 0.20 0.20 0.15 0.10

cj 13 13 13 13 13

xj 13 11 10.5 10.5 3.5

pj 100.0% 84.6% 80.8% 80.8% 26.9%

wj 4.6 2.6 2.6 2.0 1.3

pj∙(wj/Σwj) 0.350 0.169 0.162 0.121 0.027 p=82.9%
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DISCUSSIoN

Theindicatorpisasimpleandintuitivetoolforassessingtheconsistencybetweenconsensusordering
andagents’judgements,inavarietyofmulti-agentdecision-makingproblems;thepj-chartenriches
thesyntheticinformationgivenbyp,showingthelevelofconsistencybetweenthesolutionandthe
judgementsbyeachj-thagent.

Also,pisveryversatilesinceitcanbeappliedinthepresenceofincomparabilitiesbetween
alternatives, both at the level of agents’ judgments and consensus ordering. It could be applied
eveninthecaseinwhichthesolutionoftheproblemisexpressedinformsthataredifferentfroma
consensusordering–suchasmeasurements/assessmentsonordinal/interval/ratioscales–aslongas
theycanbetransformedintopaired-comparisonrelationships;possibleexamplesarethesolutions
generatedbytheThurstone’sLaw of Comparative Judgements(Thurstone,1927;Franceschini&
Maisano,2015b)ortheAHPmethod(Saaty,1980),whichareevaluationsexpressedonintervaland
ratioscalesrespectively.

Theindicatorpwaspresentedasapassivetoolforcheckingtheconsistencyofthesolutionofone
ormoreaggregationtechniques,inaspecificdecision-makingproblem.Reversingthisperspective,
pcouldbeusedactively,foridentifyingthe“optimal2”consensusordering(s)foraspecificproblem,
i.e.,thatone(s)forwhichpassumesthemaximumpossiblevalue(i.e.,pMAX).Theoptimalconsensus

Table 8. Consistency table related to the solution provided by the Borda’s count (i.e., a>c>e>d>(b~f) and the judgements in 
Table 6

Paired Comparison D1 D2 D3 D4 D5

a,b 1 1 1 1 0

a,c 1 0.5 1 0 0.5

a,d 1 1 1 0.5 0

a,e 1 1 0.5 0.5 0

a,f 1 1 1 1 0

b,c 1 1 0.5 1 0

b,d 0 1 0 1 1

b,e 1 1 1 1 1

b,f 0.5 0 1 0.5 0.5

c,d 1 1 1 1 0

c,e 1 1 0 1 0

c,f 1 1 1 1 0

d,e 1 0.5 1 0.5 0

d,f 0 0.5 1 1 1

e,f 1 0.5 1 1 1

rj 0.35 0.20 0.20 0.15 0.10

cj 15 15 15 15 15

xj 12.5 12 12 12 5

pj 83.3% 80.0% 80.0% 80.0% 33.3%

wj 5.3 3.0 3.0 2.3 1.5

pj∙(wj/Σwj) 0.292 0.160 0.160 0.120 0.033 p=76.5%
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ordering(s) may be determined by: (i) automatically generating all the possible solutions to a
specificproblem–i.e.,thepossiblepartialorderings,withoutloops–throughad hocsoftware,(ii)
determiningthecorrespondingpforeachofthem,and(iii)selectingthesolution(s)forwhichp=
pMAX.Knowingtheoptimalconsensusordering(s)andthecorrespondingpMAXvaluemaybeusefulfor
betterassessingtheperformanceofacertaintechnique,inaspecificproblem.Forexample,atechnique
thatprovidesasolutionwithap=79%,inaproblemwherepMAX=80%,performscertainlybetter
thanatechniquethatprovidesasolutionwithp=80%,inaspecificproblemwherepMAX=98%.In
fact,inproblemswheretheagents’preferenceorderingshaveahighdegreeofsimilarity,thepMAX
valuewilltendtoincrease(sinceitwillbeeasiertofindaconsensusorderingthat“satisfies”allof
theagentsandtheirimportanceranking),whileinothersinwhichthedifferencesaregreater,itwill
tendtodecrease(sinceitwillbemorecomplicatedtofindaconsensusorderingthat“satisfies”all
oftheagentsandtheirimportanceranking).Inthissense,pMAXcouldbealsoseenasameasureof
thedegreeof“dissimilarity”betweentheagents’preferenceorderings.

Alimitationofpisthatitrequirestheimportancehierarchyofagentstobeexpressedbymeans
ofasetofimportanceindicators(rj),definedonaratioscale.Whenitisexpressedinotherforms,it
wouldbenecessarytointroducesome(potentiallyquestionable)transformationsfordeterminingthe
rjvalues.Forexample,assumingthattheagents’importancehierarchyisexpressedbyanimportance
rank-ordering,rjvaluescanbeobtainedusingtheagents’inverserankpositions.Onewaytoavoid

Table 9. Consistency table related to the solution provided by the Yager’s algorithm (i.e., e > (a~c) > (b~f) > d) and the 
judgements in Table 6

Paired Comparison D1 D2 D3 D4 D5

a,b 1 1 1 1 0

a,c 0.5 1 0.5 0.5 1

a,d 1 1 1 0.5 0

a,e 0 0 0.5 0.5 1

a,f 1 1 1 1 0

b,c 1 1 0.5 1 0

b,d 1 0 1 0 0

b,e 1 1 1 1 1

b,f 1 0.5 0.5 1 1

c,d 1 1 1 1 0

c,e 0 0 1 0 1

c,f 1 1 1 1 0

d,e 1 0.5 1 0.5 0

d,f 1 0.5 0 0 0

e,f 1 0.5 1 1 1

rj 0.35 0.20 0.20 0.15 0.10

cj 15 15 15 15 15

xj 12.5 10 12 10 6

pj 83.3% 66.7% 80.0% 66.7% 40.0%

wj 5.3 3.0 3.0 2.3 1.5

pj∙(wj/Σwj) 0.292 0.133 0.160 0.100 0.040 p=72.5%
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introducingquestionabletransformationsistodefineavariantofp,forspecificproblemsinwhich
rjvaluesarenotavailable(Franceschini&Maisano,2017).

Anotherlimitationofpisinherentinthecalculationandaggregationofthepjvalues,basedon
potentiallyquestionableconventions:e.g.,(i)thescoresfordeterminingthexjvaluesreportedinTable
2,(ii)the(weighted)additivemodelforsynthesizingthepjvalues,(iii)thedirectproportionalityof
weightswithrespecttorjandcjvalues.

Future research will aim at complementing p with other practical tools for enriching the
verificationofthesolutionsgeneratedbydifferentaggregationtechniques.

Figure 4. pj-chart concerning the three aggregation techniques in use, when applied to the decision-making problem in Table 4
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APPeNDIX

Description and Application of the electre-II Method
Thissectionprovidesasimplifieddescriptionof theElectre-IImethodand itsapplication to the
agents’judgementsinTable4;formoreinformation,see(Figueiraetal.,2005).

IntheinitialphaseofElectre-II,agents’judgementsareturnedintosetsofpaired-comparison
relationshipsandthenaggregatedintoasinglesetofoutrankingrelationships(seeTable10).Thethird-
to-fifthcolumnsofTable10reporttheindicatorsW+,W=andW–(alsodenominatedas“consistency
scores”),i.e.,thesumsoftherjvaluesoftheagentsforwhichagenericpairedcomparison(a,b)
resultsintherelationshipa>b,a=bandb>arespectively.Indetail,havingdefinedJ+,J=andJ–
asthesetsofagentsforwhicha>b,a=bandb>arespectively,theindicatorsW+,W=andW–are
formallydefinedas:

W r where J D a b
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Theseindicatorsarethenusedtoperformtheso-calledconcordance test,whichisbasedonthe
verificationofboththeconditions:
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beingW=W++W=+W-,andc1andc2twothresholds(generally)setto0.7and1respectively
(Figueiraetal.,2005).When,foragenericpairedcomparison(a,b)theconcordancetestispassed,
itcanbestatedthataOb,wherethesymbol“O”denotestheoutrankingrelationship.Resultscanbe
visualisedinagraph(seeFigure5,step1)inwhichverticesrepresentalternativesandedgesjoining
twoverticesrepresentthecorrespondingoutrankingrelationship.

The second phase of the Electre-II method is aimed at deriving a consensus ordering from
the outranking relationships. To this purpose, the outranking relationships are turned into so-
calledpreorders,eitherusingatop-downorbottom-upprocedure.Inthetop-downprocedure,the
preliminarystepistoidentifyandeliminatepossiblecircuits,i.e.,thosecombinationsofoutranking
relationshipsinwhichthetransitivitypropertyisviolated–e.g.,aOb,bOcandcOa.Foreachofthe
circuitsidentified,thecorrespondingoutrankingrelationshipsaredeletedandthealternativesare
groupedinthesameclassandconsideredasindifferent(e.g.,a~b~c).Next,thealternativesthatare
notoutrankedbyanyotheralternativearedetermined;thisdefinesthefirstclassofthetop-down
procedure.Thealternativesinthatclassarethendeletedandtheexploitationprocedureisrepeated
untilallalternativeshavebeenclassifiedtoobtaina(top-down)preorder.Thebottom-upprocedure
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isanalogousbutitstartsselectingtheclassofworstalternatives(alternativesoutrankingnoother
alternatives)andreiteratingtheprocedure.

Thetwoproceduresgeneratetwopreorders,whichdonotnecessarilycoincide;forexample,
analternativewhichisnotoutrankedanddoesnotoutrankanyotheralternativewillappearasfirst
onthelistofthetop-downpreorderanditwillappearaslastinthebottom-upone.Tohandlethis
problem,it isnecessarytobuildasingleorderingwiththecombinedresultofthetop-downand

Table 10. Determination of outranking relationships (“O”) between pairs of alternatives, in the initial phase of the Electre-II method

Paired 
Comparison

Consistency Scores Concordance Test

W+ W= W– (W++W=)/W (≥c1) W+/W- (≥c2) Outranking Relationship

1 a, b 90 0 10 0.90 ✓ 9.00 ✓ aOb

2 a, c 55 30 15 0.85 ✓ 3.67 ✓ aOc

3 a, d 75 15 10 0.90 ✓ 7.50 ✓ aOd

4 a, e 55 35 10 0.90 ✓ 5.50 ✓ aOe

5 a, f 90 0 10 0.90 ✓ 9.00 ✓ aOf

6 b, a 10 0 90 0.10  0.11  -

7 b, c 10 20 70 0.30  0.14  -

8 b, d 55 0 45 0.55  1.22 ✓ -

9 b, e 0 0 100 0.00  0.00  -

10 b, f 20 60 20 0.80 ✓ 1.00 ✓ bOf

11 c, a 15 30 55 0.45  0.27  -

12 c, b 70 20 10 0.90 ✓ 7.00 ✓ cOb

13 c, d 90 0 10 0.90 ✓ 9.00 ✓ cOd

14 c, e 70 0 30 0.70 ✓ 2.33 ✓ cOe

15 c, f 90 0 10 0.90 ✓ 9.00 ✓ cOf

16 d, a 10 15 75 0.25  0.13  -

17 d, b 45 0 55 0.45  0.82  -

18 d, c 10 0 90 0.10  0.11  -

19 d, e 10 35 55 0.45  0.18  -

20 d, f 45 20 35 0.65  1.29 ✓ -

21 e, a 10 35 55 0.45  0.18  -

22 e, b 100 0 0 1.00 ✓ >c2 ✓ eOb

23 e, c 30 0 70 0.30  0.43  -

24 e, d 55 35 10 0.90 ✓ 5.50 ✓ eOd

25 e, f 80 20 0 1.00 ✓ >c2 ✓ eOf

26 f, a 10 0 90 0.10  0.11  -

27 f, b 20 60 20 0.80 ✓ 1.00 ✓ fOb

28 f, c 10 0 90 0.10  0.11  -

29 f, d 35 20 45 0.55  0.78  -

30 f, e 0 20 80 0.20  0.00  -

c1 and c2 have been set to 0.7 and 1 respectively.
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bottom-uppreorders.Severalwayshavebeensuggestedtoperformthissynthesis(Godsil&Royle,
2001).Inthisparticularcase,thetop-downandbottom-uppreordersarecoincident,sothereisno
needforfurthersynthesis(Figueroaetal.,2005).

Description and Application of the Borda’s Count
TheBorda’scountconsistsoftwobasicsteps:(i)turningthejudgmentsofeach(j-th)agentinto
apreferenceordering,(ii)associatingascore(kij)tothealternatives,correspondingtotheirrank-
positioninthepreferenceordering(seeTable11),and(iii)synthesizingthescoresobtainedbyeach
alternative,inanoverallscore–alsoknownasBorda’sscore(Bi)–whichcorrespondstoaweighted
averagebasedontheagents’rjvalues.Informalterms,Biisdefinedas:

B r ki j ij
j

m

= ⋅( )
=
∑

1
 (4)

Table 11. Application of the Borda’s count to the decision-making problem in Table 3. The resulting consensus ordering (i.e., a 
> c > e > d > b > f) is obtained by ordering the alternatives decreasingly with respect to their Bi values

Alternative

Rank-Position in the Preference Orderings

Bi
Rank Position in the 
Consensus OrderingD1 D2 D3 D4 D5

35% 20% 20% 15% 10%

a 1 1 1 2 5 155 1st

b 4 6 3 5 3 425 5th

c 2 1 3 1 5 215 2nd

d 6 3 5 2 1 410 4th

e 3 3 1 2 2 235 3rd

f 4 3 6 5 3 625 6th

Figure 5. Basic steps for transforming the outranking graph (Step 1) in a consensus ordering (Step 5), in the second phase of 
the Electre-II Methods; the alternatives selected in each step of the top-down and bottom-up procedure are circled. For further 
information, see (Figueroa et al., 2005).
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being:

• rjtherelativeimportanceofthej-thagent;
• kijtherank-positionofthei-thalternativeinthepreferenceorderingbythej-thagent;
• mthetotalnumberofagents.

Theresultingconsensusorderingisthenconstructedbyorderingthealternativesinascending
orderwithrespecttotheirBivalues.ByapplyingtheBorda’scounttotheinputjudgementsinTable
3,theresultsshowninTable11areobtained.

Description and Application of the yager’s Algorithm
ThealgorithmbyYager(2001)canbeappliedtospecificdecision-makingproblemsinwhich:

• Theagents’judgementsareexpressedintheformoflinearorderings(NederpeltandKamareddine,2004);
• Theagents’preferenceorderingsdonotincludeanyomittedorincomparablealternative;
• Theagents’importancehierarchyisexpressedintheformofarank-orderingandnotthrough

thetypicalsetofimportancevalues.

Summarizing,thealgorithmisbasedonthefollowingfoursteps:

1. Transformation of the agents’ linear orderings into preference vectors, according to the
followingconvention:weplacethealternativesastheyappearintheordering,withthemost
preferredone(s)inthetoppositions;ifatanypointt>1alternativesaretied(i.e.,indifferent),
weplacetheminthesameelementandthenplacethenullset(“Null”)inthenextt–1lower
positions.Inthisway,thetotalnumberofelementsofavectorwillcoincidewiththenumber
alternatives.Table12exemplifiestheconstructionofthepreferencevectorsfromtheorderings
thelastrowofTable4;

2. Transformation of the preference vectors into “reorganized” vectors. This transformation
consistsin(i)sortingtheDivectorsdecreasinglywithrespecttotheagents’importanceand
(ii)aggregatingthosewithindifferentimportance(e.g.,D2andD3intheexample)intoasingle
vector.Thisaggregation isperformed througha level-by-levelunionof thevectorelements,
wherealternativesinelementswiththesamepositionareconsideredasindifferent.Theresulting
reorganizedvectorsarereportedinTable13;

Table 12. Construction of preference vectors related to the orderings by four fictitious agents (D1 to D5)

Agents D1 D2 D3 D4 D5

Orderings a>c>e >(b~f)>d (a~c)>(d~e~f)>b (a~e)>(b~c)>d>f c>(a~d~e)>(b~f) d>e>(b~f)>(a~c)

Preference
vectors

j Elem. Elem. Elem. Elem. Elem.

6 {a} {a,c} {a,e} {c} {d}

5 {c} Null Null {a,d,e} {e}

4 {e} {d,e,f} {b,c} Null {b,f}

3 {b,f} Null Null Null Null

2 Null Null {d} {b,f} {a,c}

1 {d} {b} {f} Null Null

n=6 total alternatives are considered: a, b, c, d, e and f.
The agents’ importance ordering is D1>(D2~D3)>D4>D5.
j is the level of a certain element in the corresponding preference vector.
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3. Definitionofasequencefortheelement-by-elementreadingofthereorganizedvectors.Thesequence
isdeterminedapplyingalexicographicalorderbasedontwodimensions:(i)levelofvectorelements
(fromthebottomtothetop)and(ii)importanceofagents(indecreasingorder).Table13reports
thefullsequencenumbers(S)associatedwitheachelementofthereorganizedvectors;

4. Construction of the fused ordering: alternatives are progressively included into a gradual
ordering,whichisinitiallyNull.Ak-thalternativeisincludedatthetopofthegradualordering,
atthefirstoccurrenceintheelement-by-elementreadingsequence.Inthepreviousexample,the
resultingconsensusorderingis:e>(a~c)>(b~f)>d.Table14showsthestep-by-stepprocedure
forconstructingtheconsensusordering.

Table 13. Reorganized vectors obtained by merging the preference vectors in Table 12 and corresponding sequence numbers 
(S) of their elements

Agents (D1) (D2 ~ D3) D4 D5

Reorganizedvectors

j S Elem. S Elem. S Elem. S Elem.

6 21 {a} 22 {2a,c,e} 23 {c} 24 {d}

5 17 {c} 18 Null 19 {a,d,e} 20 {e}

4 13 {e} 14 {b,c,d,e,f} 15 Null 16 {b,f}

3 9 {b,f} 10 Null 11 Null 12 Null

2 5 Null 6 {d} 7 {b,f} 8 {a,c}

1 1 {d} 2 {b,f} 3 Null 4 Null

Table 14. Step-by-step construction of the fused ordering when applying the YA to the preference vectors in Table 13

Step (S) Element Residual Alternatives Gradual Ordering

0 - {a,b,c,d,e,f} Null

1 {d} {a,b,c,e,f} d

2 {b,f} {a,c,e} (b~f)>d

3 Null {a,c,e} (b~f)>d

4 Null {a,c,e} (b~f)>d

5 Null {a,c,e} (b~f)>d

6 {d} {a,c,e} (b~f)>d

7 {b,f} {a,c,e} (b~f)>d

8 {a,c} {e} (a~c)>(b~f)>d

9 {b,f} {e} (a~c)>(b~f)>d

10 Null {e} (a~c)>(b~f)>d

11 Null {e} (a~c)>(b~f)>d

12 Null {e} (a~c)>(b~f)>d

13 {e} Null e>(a~c)>(b~f)>d

End - - -


